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SZEGO LIMIT THEOREMS FOR TOEPLITZ OPERATORS
ON COMPACT HOMOGENEOUS SPACES
BY
I. L. HIRSCHMAN, JR., D. S. LIANG AND E. N. WILSON'

ABSTRACT. Let f be a real valued integrable function on a compact homogeneous
space M = K\ G and M, the operator of pointwise multiplication by f. The authors
consider families of Toeplitz operators T; p = PM P as P ranges over a net of
orthogonal projections from L%(M) to finite dimensional G-invariant subspaces.
Necessary and sufficient conditions are given on the net in order that the distribu-
tion of eigenvalues of these Toeplitz operators is asymptotic to the distribution of
values of f in the sense of Szegd’s classical theorem for the circle. Explicit sequences
satisfying these conditions are constructed for all compact Lie groups and for all
Riemannian symmetric compact spaces.

1. Introduction. Let T' be the one dimensional torus, i.e. the group of real
numbers modulo 2. For n = 0, let

D(x) = 3 et
k=0
and
(Bo)(x) = 35 [7D.x =)o (») .

The measure p = 5= dx is the normalized Haar measure on T' and P,, projects
L\(T", n) onto the (n + 1)-dimensional space spanned by {e’**},_,<,. In LX(T", p),
P, is the orthogonal projection to this space. For f € L'(T", p), let M, denote the
multiplication operator

(My9)(x) = f(x)o(x).

The Toeplitz operator T, is defined as the restriction to P,L*(T', p) of P,M,P,.
If f is real valued, 7;, is selfadjoint and hence has a complete set {A, ;}o<x<n Of
real eigenvalues. In 1915, Szego [10] proved that for any a € R for which

p{x: f(x) = a} =0,

i M (@7
p{x:f(x) >a} = lim —
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where N* (a; T} ,) is the number of eigenvalues of T; , which are greater than a. This
has the clear interpretation that the distribution of values of f is recaptured by the
asymptotic distribution of eigenvalues of the family of Toeplitz operators 7 ,. It is
curious that it was not until 1958 that Grenander and Szegd [3] established the
corresponding result for the real line. Subsequently, H. A. Krieger [7] generalized
these results to the class of locally compact abelian groups whose dual is compactly
generated but not compact.

In this paper we will show that if G is a compact, not necessarily abelian group,
then there exist “Szegd theorems” on coset spaces of G (in particular, on G itself)
provided certain conditions involving the irreducible representations of G can be
satisfied. In §2, we review standard harmonic analysis tools on compact spaces and
end by summarizing the relevant properties of the projection operators which replace
the family { P, },-, above. §3 begins with a discussion of the type of “Szegd theorem”
we have in mind and culminates in Theorem 3.10 with the result announced above.
With the aid of a polynomial growth estimate established in §4, §5 shows that the
appropriate representation theory conditions are satisfied for many examples, in-
cluding all compact Lie groups and, more generally, all Riemannian symmetric
compact manifolds.

The first two authors initiated consideration of this problem and proved Theorem
3.10 for compact groups and for compact coset spaces K\ G when L'(K\G) is an
abelian subalgebra of the convolution algebra L'(G, dx) (see subsection 2.1 for
notations). The third author generalized their method of proof to apply to arbitrary
coset spaces of a compact group and supplied the treatment of examples in §5.

2. Harmonic analysis on compact homogeneous spaces.

2.1. This section begins by reviewing the harmonic analysis tools which stem from
the classical Peter-Weyl Theorem for compact groups. Frequently these tools are
referred to collectively as the “Peter-Weyl machinery”.

Throughout this section, G will be a compact Hausdorff group and K a closed
subgroup of G with dx (respectively, dk) the unique Haar measure of total mass 1 on
G (respectively, K). A function f on G is said to be K left-invariant (respectively, K
right-invariant, K bi-invariant) if f(kx) = f(x) (respectively, f(xk) = f(x), f(kx) =
f(xk) = f(x)) forall (k,x) € K XG. Functions f on the space K\ G of left K cosets
are in one-to-one correspondence with K left-invariant functions f on G via f( Kx) =
f(x). Although our primary concern is with analysis on coset spaces, it is nota-
tionally awkward to maintain the distinction between fon K\ G and its “pull back” f
on G. For this reason, we phrase everything in terms of K left-invariant functions on
G and define C(K\ G) as the subspace of K left-invariant elements in C(G), the
space of continuous functions on G, and L?(K\G) (p = 1) as the subspace of K
left-invariant elements in L?(G, dx). L'(K\G) is then a closed subspace of the
Banach algebra L'(G, dx) where the convolution product of f; and f, in L\(G, dx) is
defined by

(1) (fi* f)(x) = fG L™ () dy.
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The Peter-Weyl machinery amounts to the description of a canonical family of
minimal two-sided convolution ideals which yield a Hilbert space direct sum
decomposition for L*(G, dx) C L'(G, dx). These ideals are finite dimensional and
contained in C(G); when they are thought of as replacements for the one dimen-
sional spaces on the circle T = R/27Z spanned by e, (x) = e'** (k € Z), a very
satisfactory analog of ordinary Fourier analysis is obtained.

2.2. Definitions and notations. G denotes the set of equivalence classes of irreduc-
ible (hence finite dimensional) unitary representations of G. For each a, select a
representation U, acting on (H,, (-, -)) which belongs to the class a. Thus H, is a
finite dimensional complex vector space, -, -) is a complex inner product on H,,,
and x - Uy(x) is a continuous homomorphism from G into the group of operators
on H, which are unitary with respect to a. Here as throughout this paper, (-, -)is a
generic symbol for inner product with particular inner products determined by the
context of a discussion. The degree of a is the dimension of H, and is denoted by d,,.
L(H,) denotes the space of linear operators on H,. Two distinguished elements of
L(H,) are the identity operator I, and, with the usual interpretation of operator-
valued integrals, the operator

(2) 0,= fK U, (k) dk.

By a trivial computation using translation invariance of dk and its normalization, Q,,
is the orthogonal projection from H, to H, = {v € H,: Ufk)v=v for all
k € K}. In particular

(3) Uk)Qo = Qo = QU (k) fork € K.
Denote dim H, , = trace Q, by m,. Gy is defined as the subset of G consisting of

those elements « for which m, # 0.
Fora € Gand A € L(H,), let

(4) f4(x) = d, trace(Uy(x)A4)

and define

(5) C,={fi:A€L(H,)},

(6) Cox={firAEL(H,)and 4 = 4Q,}.

By (2) and (3), C, ¢ is precisely the subspace of K left-invariant elements in C,.
Similarly, the subspace of K bi-invariant clements in C, consists of those functions f,
for which AQ, = A = Q,A. Of paramount importance in what follows are the
properties of the K bi-invariant function

(7) (pa(x) = an(X) = da trace(Ua(x)Qa)‘
When K = {e}, ¢, = d,x,(x) where x (x) = trace U,(x) is the usual trace character
of U,.

Note that for B = {e{®: 1 <i < d,} any orthonormal basis of H,, the i, j entry of
the matrix of U/ x) relative to B is the function

(8) fij (X)) = (Ulx)el, el, xXEG,1<i,j<d

a*
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By a trivial computation, C, is the span in C(G) of these matrix entries of U, and
hence may be called the a-matrix coefficient space of G. If B is chosen so that its first
m, elements constitute a basis of H, x, then C, 4 is the span in C(K\G) of the
entries in the first m, rows while the K bi-invariant elements in C, are spanned by
the entries in the first m , rows and columns.

The operator-valued Fourier transform of f € L'(G, dx) is the function f on G
which assigns to a € G the element f(a) € L(H,) defined by

9) fle) = [ £(x)U(x) dx.

G
The a-Fourier component of f is the function f, € C, defined using (4) by
(10) fa = ff}a) .

If f € L'(K\ G), it is easily verified from (2) and (9) that f(a) = f(a)Qa and thus by
(6). f, € C, k; in particular, f(a) and f, are zero if a« & Gk. For any f € L\(G, dx),
the formal Fourier series expansion of fis given by

(11) f(x) ~ 2 fulx) = T dytrace(U(x)f(a)).

aEG aEG

2.3. LEMMA. (i) For f*(x) = f( x"Y), f - f* is a conjugate linear anti-automorphism
(i.e. product reversing map) of L\(G, dx) leaving C, invariant for all « € G.

(i) For f,, f, € L*(G, dx), { f;, f)= (fi * fF)e) = (f5 * fi)e).

(iid) For . fys fy € LG, dx), (fy * o fy0= Cfou S * )= (i Sy # S2).

(iv) For f € LG, dx) and a € G, (f*)(a) = (f(a))*, the Hermitian adjoint of
f(a).

(v) For f, f, € LG, dx) and a € G, (fi * L) (@) = f(a)fi(@).

PRrROOF. Routine elementary calculations using only the definitions. Note that here
and throughout this paper, we use generically the symbol e to denote the identity
element in a group.

2.4. THEOREM (PETER-WEYL). With the above definitions and notations, the following
properties hold:
(1) In the sense of Hilbert-space orthogonal direct sum decompositions,

L¥(G,dx)= ® C,, LX(K\G)= @ C, .

a€EG aEéK
(ii) For A € L(H,), B € L(Hp), B* the Hermitian adjoint of B,
ifa # B,
(12) s Jo2= {datrace(AB*) ifa=p

where the left side of (12) is the inner product in L*(G, dx) of the functions defined by
(4).

(iti) Using the notations of (4), (9) and (10), if f = f, € C,, then f(B) and fj are zero
for B # a while f(a) = A4, f, = f. For arbitrary f € L*(G, dx), the right side of (11)
converges to f in the sense of L>-convergence. If f is the convolution of two functions in
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L?(G, dx) [in particular, if only finitely many Fourier components f, are nonzero], the
right side of (11) converges pointwise to f.

(iv) For a € G, C, is a minimal two-sided ideal in LY(G, dx) with dim C, = d? and
C, xis aright ideal in LG, dx) (i.e.fxg € C o x Whenever f € C, ¢, g € LY(G, dx))
withdimC, x = d,m,,.

(v) For a € G, the orthogonal projection from L*(G, dx) to C, is given by f —
(dx.) * f=f*(d,x.) The orthogonal projection from L*(G, dx) to C, x is given by
f— @, * f; if f is K bi-invariant then f * ¢, = @, * f.

ProoF. The classical Peter-Weyl theorem is the assertion that the fuhctions
Jd. fija (@€ G, 1 <i, j<d,) defined in (8) constitute an orthonormal basis for
L?(G, dx). See [5, p. 24] for a proof of the classical theorem. In view of the above
remarks, (i) is simply a basis-free formulation of the classical theorem. The ortho-
gonality relations (12) follow immediately by expansion of the traces in terms of the
matrix entries (8); the dimension statements in (iv) follow from the description
above of C, and C,  in terms of matrix entries. To obtain the first statement in (iii),
it is enough to use (12) along with an easy manipulation showing that for f=
f{(4 € L(H,)) and B € L(H,), trace( f(a)B*) = {fe fz)/d, This then implies
that for f arbitrary in L*(G, dx), f, is the component of f in C, relative to the
orthogonal decomposition (i) and convergence of (ii) in L?(G, dx) is immediate. See
[5, p. 25] for the last statement in (iii). The statements about ideals in (iv) follow
from (iii), Lemma 2.3(v), and the familiar elementary linear algebra result that
L(H,) contains no proper two-sided ideals. For f € L*(G, dx), one checks that
(doX4) * f s just f7,) which, in view of (10) and (iii), is the component of f in C,
relative to the decomposition in (ii); a similar computation shows that ¢, * f =
fiwo, € C k- These observations easily imply (v).

2.5. Contragredient and tensor product representations. For a € G and U,asin 2.2,
the contragredient of U, is the representation U, defined on the dual space H* of H,
by Uy(x) ='Uy(x""). Here, for 4 € L(H,), ‘A € L(H?*) is the usual transpose of 4.
Trivially for J: H, —» HY the conjugate linear isomorphism obtained from the inner
product on H, (i.e. (Ju)(v)= (v,u) for u,v € H,), JU(x)J ' =U/(x). This
means that U, is an irreducible representation of G whose matrix entries are complex
conjugates of matrix entries of U,; denoting the equivalence class of Ua by a G,
d; = d, and C; = C,. In particular, a = & if and only if C, is closed under complex
conjugation or, in view of Theorem 2.4(v), if and only if x, is real-valued. The
representation U, is unitary relative to the inner product defined by (Ju, Jo)=
(v, u) for u,v € H,. It follows that Q; =‘Q, (see (2)) and ¢; =6:, the complex
conjugate of g, (see (7)).

For ¢, BE G and 4 € L(H,), B € L(Hg), A® B denotes the usual tensor
product operator acting on H, ® Hg. The tensor product of U, and U, is the
representation U, ® U defined on H, ® H, by

(U, ® Up)(x) = U(x) ® Uy(x).

U, ® U is unitary relative to the unique inner product on H, ® Hy for which
(uy ® vy, uy ® v,)= (uy, uy)(vy, vy) for all u;, u, € H,, v, v, € Hp. In general,




356 1. 1. HIRSCHMAN, D. S. LIANG AND E. N. WILSON

U, ® U is not irreducible. Up to equivalence, U, ® U; depends onlAy on « and B; it
is customary to denote its equivalence class by a ® B. A class y € G is said to occur
in a ® B if there is an irreducible subrepresentation of {J,, ® Up which belongs to v,
ie. is equivalent to U,. Denote by I, , the subset of G consisting of the elements
which occur in a ® f. Obviously, T, ; = I} .

2.6. LEMMA. For a, B € G, T, p is finite and for y € G, the following conditions are
equivalent:

(1) .Y_E Fa,B;

(ll) B € Fa‘i;
(i) (XaXps X477 05 )
(iv) there exists f € C,, g € Gy such that (fg)(v) # 0.

ProOF. If T is a unitary representation of G on a finite dimensional Hilbert space
H, then H has an orthogonal direct sum decomposition H = @} | H; where for
1 <i <N, the subspace H, is invariant and irreducible under T. Let y, be the
equivalence class of T'| H, For y € é, let n, be the number of indices i for which
Y; = v. For x,(x) = trace T(x) the trace character of T, it follows that x,=
2,eén,Xy- In view of Theorem 2.4(i), (i), n, = (X1, X, ). This shows that the
multiplicities n, are well defined even though the decomposition H = @, H, is not
canonical. For T = U, ® U, xr = X,Xp and equivalence of (i) and (iii) results.
Since (X Xgs Xy) = (XaXy> Xg) = {XaXys X4)» (ii) is equivalent to (i) and thus to
(iii). Now let f = f, € C,, g = fp € (G, with notations as in (4). For each (i), let P;:
H,® Hy — H, be the composition of the orthogonal projection operator Q, from
H, ® Hp to H; with an isometry from H, to H, which intertwines U, ® U |, and
U, . Thus

(13)  P*P,=0Q,, P(U,®U)(x)=U(x)P, forl<i<N,x€G.
It follows from (13) that

N
(14) fi(x)fp(x) = d,dy 2 trace U, (x)P,(A ® B)Px.
i=1
By Theorem 2.4(iii) and (14), we obtain
. d,dg
(15) (il (1) == 3 P(4@B)P
=Y

Yo

In particular, (f, fBA)(y) =0if n, =0, ie. y &I, 5. Equivalence of (iv) with (i)
follows from (15) and the fact that the vector space of all operators on H, ® Hy is
spanned by {4 ® B: 4 € L(H,), B € L(Hg)}.

2.7. DEFINITION. A function ¢ € LY(G, dx) is said to be positive semidefinite if
(Y = f, fY=0 for all f € L*(G, dx). An operator A on a complex Hilbert space
(H, (-, ")) is positive semidefinite if {( Au, u)= 0 for all u.

2.8. LeMMa. (i) If ¢ € L\(G, dx) is positive semidefinite, then = y* (see Lemma
2.3 for the definition of *).
(ii) For ¢ € L\(G, dx), the following conditions are equivalent:
(a) Y is positive semidefinite;



SZEGO LIMIT THEOREMS 357

(b) ¥, (defined as in (10)) is positive semidefinite for all o in G;
(©) ¥(a) € L( H,) is positive semidefinite for all a in G.
(iii) If ¢, and Y, are positive semidefinite in L*(G, dx) C L\(G, dx), then § = Y3,
is positive semidefinite.

PROOF. Lemma 2.3(i) implies (i). For ¢ € L\(G, dx), f € L*(G, dx), Lemma
2.3(iv) along with Theorem 2.4 and (12) yield

@ f )= S urfon )= 3 dtrace( (o) (o) f(@))*).
a€EG aE€EG

Equivalence of (a)-(c) in (ii) follows from this and the routine linear algebra
observation that an operator A € L(H) is positive semidefinite if and only if
trace BAB* = 0 for all B € L(H). For (iii), first suppose that ¢, = f, € C,, , = fp
€ G- Then 4 = nﬁ,(a), B= 1132(,8) are positive semidefinite and in the notation of
Lemma 2.6, P(A ® B)P* is positive semidefinite for i =1,2,...,N. By (15),
(¥,1¢,) (v)is positive semidefinite for all y € G and hence by (ii), ¥y, is positive
semidefinite. By the obvious linearity argument, (iii) follows immediately from this
special case if y, and {, each have a finite Fourier expansion (12). For ¢, ¥,
arbitrary in L?(G, dx), (iii) is obtained by a routine limit argument involving finite
truncations of the Fourier series of ;, .

2.9. For the reader’s convenience, the properties of the functions ¢, (see (7)),
a € Gy, will now be summarized.

(i) For f € L}(K\ G), the Fourier component f, of f is equal to ¢, * f; if fis K
bi-invariant then f, is also equal to f * @,. In particular,

[0, a#B,

(p“*%_{%, a=p

(see Theorem 2.4(v)).
(i) ¢, = @ is a positive semidefinite K bi-invariant function and

mod, = @,(e) = (@, * 9¥)(e) = (9u, 9.)
(see 2.2 for notations and use Lemmas 2.3 and 2.7).
(iii) ¢z = (p: (see the discussion in 2.5).
(V) @95 = Zyer, (PaPp) * Py = Zyer, 5 Py * (Pabp)
(see the discussion in 2.5 and use Lemma 2.6 along with 2.9(i)).
(v) Forf € LA(K\G) and B € G

(16) madgll 17 =3 ((9u95) * /. /-

aEGk
To see why (16) holds, note that by Lemma 2.3 and 2.9(3i), (ii), ((%?Tp) *f, )=
(pp(f* [*), @) 1s the value at e of the a-Fourier component of gg(f* f*). By
Theorem 2.4(iii), the Fourier series of @g(f* f*) converges pointwise. Since
mgdgll f1I* = gg(e)(f* f*)(e) by 2.9(ii) and Lemma 2.3, (16) follows.

3. The Szego theorem for compact homogeneous spaces.
3.1. Let (M, G) be a compact Hausdorff homogeneous space, i.e. M is a compact
Hausdorff space and G is a compact Hausdorff group which acts transitively on M
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in a continuous fashion. Then there is a unique G-invariant measure u on M for
which (M) = 1. By Rl L'(M, p) we mean the real-valued functions in L'(M, ).
For f€ RI L (M, p), M, denotes the operator acting on functions on M by
(M,@)(p) = f(p)o(p). For P an orthogonal projection on L*(M, p) with the range
of P a finite dimensional G-invariant subspace of L?>(M, p), we define the Toeplitz
operator T; p as the restriction to the range of P of the operator U, » = PM,P. As
will be seen below, T} » is well defined. Because f is real valued, 7 , is a selfadjoint
operator on the finite dimensional space PL*( M, p) and hence has a real eigenvalue
decomposition. Now suppose 2(r) is a net defined on a directed set (%R, >) with
values in the collection of finite dimensional G-invariant subspaces of L2(M, p). Let
P, be the orthogonal projection to 2(r) and write T, for T ,. For 7 € R, denote by
N*(m; T;,) the number (with multiplicity) of eigenvalues of 7, which are greater
than 7. We say the Szegd theorem is valid relative to the net ¥ if for every
f € Rl LY(M, p) and every 7 € R for which u( f ~!(7)) = 0,

N _ . N(nT,)

» (o)) = lim ST

To make the analysis more tractable, we follow the standard device of identifying
M with a coset space of G via the choice of a base point p, in M. For minor technical
reasons, we prefer to denote the action of G on the right, i.e. for p € M and x € G,
the action of x on p is written p - x. Then for K = {k € G: pok = p,}, K is a closed
subgroup of G and Kx — p,x is a homeomorphism from K\ G onto M. Functions ¢
on M are then in one-to-one correspondence with K left-invariant functions ¢ on G
via @( pyx) = @(x); moreover, for dx the normalized Haar measure on G, the
measure p on M is given by

[ 8 (pndp) = [ 9(x) ax.

Using the notations of 2.1, L?(M, p) then becomes identified with L?(K\G) C
L*(G, dx) for p = 1. In view of Theorem 2.4(iv), it is natural to look only at nets 3
of the form 2(r) = EGEOA(,) C, x Where o(r) is a net defined on (%R, >) with values in
the finite subsets of Gg. Let o(r)* be the dimension of Z(r). By Theorem
2.4(31v)—(v),

#
@) R

and the projection P, to 2(r) is given by P,f = D, * f where

(3) D= 3 ¢.
a€Ea(r)
Since P, is well defined on L'(K\G) as a projection with range in C(K\G) C
L*(K\G), P,M,P, is well defined on L*(K\G) C LN (K\G)for f € L'(K\G).
Denote the Haar measure of any measurable subset E of G by | E|. With these
notations and identifications, (1) takes the form

(4) If'(7,00)|= lim %
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for all f € Rl L'(K\G) provided that |f~!(7)|=0. We shall begin below by
establishing necessary and sufficient conditions on the net o in order that (4) holds
for characteristic functions, then show that under these conditions, (4) survives the
familiar journey to arbitrary functions in Rl L'(K\G) via simple functions and
nonnegative functions.

When the Hilbert space L>(K\ G) is separable, arbitrary nets may be dispensed
with and replaced by sequences. This will be the case for all of our examples in §5.
However, no simplification in our proof results by restricting to the separable case.
We do not assume that our nets o are order preserving in the sense o(r,) D a(r,)
whenever r, > r, simply because order considerations are irrelevant in our method of
proof. The order preserving property is a natural one, of course, and will be satisfied
in all of our examples. With it, our family of Toeplitz operators belongs to the
category of abstract Toeplitz operators formulated in [3]. In particular, one has the
pleasant property that the largest (respectively, smallest) eigenvalue of T}, increases
(respectively, decreases) as r increases; if (4) holds, the limits of these extremal
eigenvalues are obviously the essential supremum and essential infimum of f. Also,
the essential infimum of f is positive, when all of the Toeplitz operators T, are
positive definite and this can be verified by the usual minor determinant test with
calculations simplified at each stage by the fact that one such minor is a lower order
Toeplitz operator. In the classical case (see §1), the i, j matrix entry of T, is the
(i — j)th Fourier coefficient of f and hence the Szegd theorem is interpreted as
giving substantial information about f by a discrete set of linear algebra calculations
involving its Fourier coefficients. Although explicit calculation of matrix entries for
our Toeplitz operators T;, is limited by the extent to which tensor product
decompositions are known, it is clear from Lemma 2.6 that 7;, depends only on the
Fourier components of f corresponding to elements y in the finite subset
U, geocr Lag of Gy. To this extent, the classical interpretation survives. The value
of establishing the Szegd theorem on K\ G rather than just on G should be clear by
considering the distinction between analyzing functions on the group SO(m) and on
the sphere in R™ regarded as a homogeneous space of SO(m) (see 5.8). To apply our
results in the sense just described, one starts with a spherical harmonic series
description of a function on the sphere and then calculates matrix entries for
Toeplitz operators with the aid of Clebsch-Gordon coefficients among relevant
spherical harmonic representations of SO(m). While formidable, this task is much
less involved than calculations involving Clebsch-Gordon coefficients for arbitrary
representations of SO(m).

3.2. LEMMA. Let o(r) be any finite subset of GK with o(r)* and D, defined by (2) and
(3). Then,

@) (o(r)*)" [g| D(x) [Pdx = 1

(ii) D, = D} = D, * D;

(iii) O < (a(r)*) (| D, £, fY< (. ) for all f € LA(K\G).

PROOF. (1) and (i) are immediate from 2. 9(1), (i1). Since @, is positive semidefinite
for all « € G x> Lemma 2.7 implies that ¢, is positive semidefinite for a, B € G
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and hence | D, |* = 24 pea(r) <pa79_3 is positive semidefinite. Using this and 2.9(v), for
allf € L*(K\G),

0<(DP*fify< 3 2 (ouwp)*/sf)

BEo(r) a6y

= 3 mude(f. [Y=0(r) (S, f)

Beoa(r)
and (iii) follows.

3.3. LEMMA. Let o(r) be a net with values in the finite subsets of Gy. Then the
following conditions are equivalent:

@) {(o(r)*)'|D,J> reR} is an approximate identity in L*(K\G), i.e.
lim,_ o [I(a(r)*) ™| D>+ f = fll, =0 for all f € L*(K\G).

(ii) lim,__.(a(r)*)"(| D, * £, g)= ( f. 8) for all {, g € L*(K\G).

(i) lim,_, (o(r)*) Y| D, > = f, fY= ([, f) whenever f is the characteristic func-
tion of a K left-invariant subset of G.

(iv) For all y € Gy, lim,_ (a(r)*)'(| D, |* * ¢, )(e) = @, (e).
These equivalent conditions are implied by:

(v) For all y € Gy, lim,_ ,[02(r)* /a(r)*] = 1 where

oyo(r) = {a €o(r):T,, C o(r)}, oyo(r)# = > m,d,

anyO(r)
(see 2.5 for the definition of T, ).

Proof. The implications (i) = (ii) and (ii) = (iii) are trivial. For y € GK, define
%, = (o(r)*)"'|D,|*  @,. Since |D,|* is K bi-invariant, ¢,  is the y-Fourier
component of the function (a(r)*)™'| D, |* by 2.9(i). Since (h, @)= h(e) for all
h € C, k., (iv) results from (ii) by taking f = g = ¢,. By Lemma 3.2 for f € L*(K\G)
andh =@, xf=f,

-1
(@ [ Y= oy = £ 1)= Choy= (o(r)™) (I D, * b, h)y=0.
Hence, ¢, — ,  is positive semidefinite for all r and y. In particular,
Lo (x) = ¥ (x) < o,(e) =¥ ().

Therefore, given (iv), ¥, , converges uniformly to ¢, for all y. If f has a finite Fourier
expansion, it follows that (a(r)*)™"| D, x f = 2, ¢c¢, ¥, , * f converges uniformly
to 2,c6, ¢, * f=f The functions with finite Fourier expansion being dense in
L?(K\ G), (i) follows.

Finally, we will show that (iii) and (v) separately imply (ii). Define Q,f = f —
(a(r)*)™ | D, * fand (£, g), = (Q, 1. ) for f, g € LX(K\ G). By Lemma 3.2(iii),
Q,f is a positive semidefinite operator with operator norm < 1. Hence for || fIl, =
Y2, is a seminorm on L2(KNG) with L £ 1L, < I FIL | (£, g) I< I fll, Nl gll,
for all f, g € L}(K\G). Given (iii) lim,_ .|l f Il, = O whenever f is a characteristic
function in L>(K\ G) and hence, || ||, being a seminorm, lim,_, .|| fll, = 0 whenever
fis a simple function in L}(K\ G). Since the simple functions are dense in L*( K\ G)
relative to || |l, it follows that lim, Il fIl, =0 for all f € L%(K\G) and then
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lim,_ (f, g), = 0 for all f, g € L*(K\ G); this is (ii). Now assume (v). By Lemma
2.6, for fE C, g, (ppp) * fis zero if y € Izp and vy €E [z = B e ;e BET,,
Hence if a € of(r) and f € C, g, (@,95) * f = 0 when B & o(r). Using 2.9(v) and
Lemma 3.2(iii), it follows that

(N*IfIP= Y mudifi*= 3 3 (0aw)*f 1)

agal(r) aE€ed(r) BEa(r)
<{DP+f fy<o(r)*IfI?

for f € C, x. By (v), this implies lim, _ |l fIl, = O whenever f € C, ¢, Y € G- Then
(i) follows from Theorem 2.4(i) and another application of the properties of || - II,
listed above.

3.4. REMARKS. We will eventually show that Lemma 3.3(i)—(iv) are necessary and
sufficient for validity of the Szegd theorem (4) on (K\G) and consequently that
Lemma 3.3(v) is sufficient. In practice, conditions (i)—(iv) of Lemma 3.3 are difficult
to verify directly. As will be seen below, condition (v) of Lemma 3.3 can be verified
in a wide variety of examples. In these examples, there is a concrete sense in which
for y fixed in GK, the subset I, | forms a neighborhood of a. With this interpreta-
tion, oyo(r) is the “interior” of o(r) with respect to “y-neighborhoods” and Lemma
3.3(v) carries the intuitive meaning that for r large, most of o(r) should consist of
interior points. For the classical case with G = T, K = {e}, G is parameterized by Z
with @ (x) = e’** (k € Z, x € G) and T, consists of the single point k + /. If for
n =0, one defines o(n) as any consecutive string of n + 1 integers, the classical
choice being o(n) = {0,1,2,...,n}, then Lemma 3.3(v) is just the trivial assertion
that for alln € Z,

n+1—|k|

| 1 asn— 0.

For compact Lie groups, it is natural to define o(n) as the representations whose
highest weight has length at most n; in §5, we will show that Lemma 3.3(v) then
holds. For the classical case and other easy exampleés, it is possible to verify Lemma
3.3(v) for many choices of o, including some bizarre ones. A host of Szegd theorems
result.

In general, | D, |* = ¢,, the y-Fourier component of | D, |*, need not be a constant
multiple C, | of ¢, when iE is, Lemma 3.2(iv) takes the less forbidding form
lim, ,,, C,, =1 for all y € Gg. There are two important special cases where this
simplification results. When K\ G is symmetric in the sense that the K bi-invariant
functions in G commute under convolution, it is easy to prove that m, =1 for all
Y € G and deduce that the functions ¢, span the K bi-invariant functions; since
| D,|? is K bi-invariant, it follows that | D,|* = 2,66, G4, Alternatively when
K = {e}, 9, = d, X, 1s a central function on G (i.e. p(xy) = @(yx) forall x, y € G)
and it follows easily from Theorem 2.4 that the characters x, form an orthonormal
basis for the central functions in L?*(G, dx). Since |D,|* is central, we obtain
| D,|* = 2,c¢4C,,9,- From the discussion above, 0 < C, , < 1 in all such cases.
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3.5. LEMMA. Let f € Rl L'(K\ G), o(r) a net with values in the finite subsets of GK.
Using the notations of 3.1

(i) trace T, = o(r)*[; f(x) dx,

(i) trace T2, = (| D, > * f, [ ),

(iii) trace(MU, ,M,) = (| D, |> % f, g*) for g any measurable left K invariant
function on G which is bounded and real valued.

PROOF. Since U, , = P, M, P, agrees with T; , on the range of P, and vanishes on the
orthogonal complement, trace T/, = trace Uf, for k = 1,2. Using Po = D, * ¢, U,
is seen to be a selfadjoint integral operator with the kernel

K, (x,y)= /G D(xz™")f(z)D,(2y™") dz.

Clearly K/ is a jointly continuous function on G X G. Since U, has finite rank, it
has only finitely many negative eigenvalues. Thus Mercer’s theorem [9, p. 245]
applies and with the aid of Lemma 3.2 and an obvious change of variable argument,

trace U, , :/;Kf(x, x) dx :L(|D,|2 x f)(x)dx = o(r)#Lf(x)dx.

For (ii), U, has the iterated kernel

K20x ) = [ Ky (e )K, G y) dy = [ K (o) KOy w)
and Mercer’s theorem, interchange of integration, and Lemma 3.2 yield

trace U7, = /;;K}Z)(x, x) dx

L R R L e P P
=D P*1. 1)

For (iii), MU, , M, still has finite rank but has the possibly noncontinuous kernel
g(x)K, (x, y)g(y) so Mercer’s theorem is not applicable. By approximating g in
L*(K\ G) by a sequence of continuous functions, it is easy to see that the trace of
this operator can still be expressed by integrating the kernel along the diagonal.
Thus

trace( MUy, M,) = [ [ ()| D] (x2™)/(2) dedx = (| D, » /.8%).

3.6. THEOREM. The equivalent conditions (1)-(iv) of Lemma 3.3 are necessary and
sufficient in order that (4) be valid whenever f = X, is the characteristic function of a
left K-invariant measurable subset Q of G.

PrOOF. When f = xg, we simplify notation by writing M, for M, and T, , for T} ,.
Since T,, = P MyP, is the product of three orthogonal projections, all of its
eigenvalues are between 0 and 1. Both sides of (4) are then zero for 7 < 0 and both
sides are 1 for 7 > 0. For 7 = 0 or 1, (4) is obvious if either Q or its complement is a
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null set and otherwise is excluded from consideration since xg'(7) has nonzero
measure. It remains to investigate (4) for 0 < r < 1, i.e. determine when it is true
that

Nt (7T,
(5) |2|= lim (r; :’)
r— oo G(I‘)
for all € and 7 in (0, 1).

Fix @ and let (A;,),<j<qr* be the eigenvalues (with multiplicity) of Ty ,. By
Lemma 3.5 and 3.2,

a(r)* a(r)*

S N, =o()" 18], 3 X, =o(n)7]21(1 - ()

J
where
1

o(r)*

Condition (iii) of Lemma 3.3 states that lim,_ ., &(r) = 0. Assuming this, &(r) < 3
for r sufficiently large. Define

N(r) = {jiA, <e(r)?},
Ny(r) = {Jre(r)' <\, <1—e(r)},
Ny(r) = {ji A, > 1= e(r)?)
and let N*(r) be the cardinality of Ny(r) for i = 1,2,3. Then
le(r)PNF(r)< 2 A (1-2))

JEN(r)

e(r) :l_;)l{O(mez)_ { DrIZ*XQ’XQ>}‘

a(r)*

< 3N, -N,=0(r)7|2]e(r)
j=1

which yields

(6) N#(r) = o(a(r)).
Then
o(r)*
E }‘j,r: 2 )\j,r_ 2 }‘j,r
JEMNy(r) Jj=1 JEN(r)UNy(r)

= o(r)# [ 2] +o(o(r)#)
and

(1—e(r))NF(r)< 3 A, <Nj(r)
JEN;(r)

SO

™) N#(r) = o(r)* || +o(a(r)*).
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Given 0 < 7 < 1, for r sufficiently large, &(r)'/2 <1 < 1 — &(r)!/2. Combining (6)
and (7), we obtain

N (7;Ty,) = Ny¥(r) + o(o(r)#) =a(r)* |2 +0(o(r)#)
and this is precisely (5).
Conversely, suppose we have (5) for all 7. For 0 <r, <7, <1, we have N*
(13 Ty,) — Nt (73 Ty,) = o(o(r)*) which implies
a(r)®

o(r)# |Q|e(r) = §| A, — Ai-‘,S (r,+1— 'rz)o(r)q“t + o(o(r)#).

Taking 7, arbitrarily close to 0 and 7, close to 1, it follows that lim,_, , e(r) = 0, i.e.
condition (iii) of Lemma 3.3 holds for f = x,.

3.7. DEFINITION. For A a compact selfadjoint operator on a Hilbert space H and
>0, N* (1;A4) denotes the number with multiplicity of eigenvalues of A4 which are
greater than 7.

We do not know a reference for the following elementary results.

3.8. LEMMA. Let A and B be compact selfadjoint operators on H.

(i) Nt (1;A)=N"*(7;B) for all 7>0 if A=B, i.e. if A— B is a positive
semidefinite operator;

()N (1, + 754+ B)<N*(1;4) + N* (1, B) for all 1, 7, > 0;

(i) N*(1+8,4)— N"(8;—B)<N'(1;,A+B)<N"(1r—8,4)+ N"(§;B)
whenever T > 8 > 0;

(iv) N* (7;84) = N* (1/8;A) for 7,8 > 0.

ProOF. Define P, , as the orthogonal projection on H to H, ,, the sum of all
eigenspaces of 4 corresponding to eigenvalues greater than 7. Since 4 is compact,
H, , is finite dimensional and N* (7;4) = dim H, ,. Then if v is nonzero in H, ,,
(Av, v)> 1(v, v). Conversely, if (Av, v)> 7(v, v), then P, ;o # 0. For 4 = B and
v nonzero in H,_p, (Av,v)= (Bv,v)>7(v,v) implies P, ,o # 0. Thus, P_, is
one-to-one on H, p and (i) follows. For (ii), if v is nonzero in H, ... 44 5,

(Av, v)+ (Bv,v)= ((4 + B)v,v)>1{v,0)+ 1,{v, v)
which means either (Av,v)> 7 (v,v) or (Bv,v)>7(v,v). The map v —
(P, 40, P, pv) is then one-to-one from H, ., . p into the outer direct sum of H, ,
and H,_ p and (ii) follows. Statement (iii) is a consequence of (ii) with 4 = (4 + B)
+ (-B) and (iv) follows trivially from Definition 3.7.

3.9. LeMMA. Let Q,,...,Q,, be a family of mutually disjoint K left-invariant subsets
of G and o(r) a net satisfying Lemma 3.3(1)-(iv). For f = Xaq,» write M, for Myand U, ,
for U, ,. Then fort>0and 1 <i,j, k <m,

@)

N* (1, =MU, M) = o(o(r)*) ifi+#];

(i1)

N* (1= (MU, M, + MU, M) =o(a(r)*) ifi+jorj+k;



SZEGO LIMIT THEOREMS 365
(iii)
o(o(r)#) ift>1,
o(r)# |2 +o(o(r)#) ifr<l.
PRrOOF. (i) From Lemma 3.5(iii) and Lemma 3.3(ii)
trace( MU, ,M,) = (| D, * Xq, Xa,) = (Xa,» Xa,) + 0(0(r)*) = o(a(r)).

Since MU, M, is a positive semidefinite operator of finite rank, N (i, -MU, M)
=0 and N+(7 U M,) < 17" trace( MU, . M;) = o(a(r)¥).
(ii) For p > 0 define

N* (7 MU M)

A.=p"'M,P.M; = pM,P.M,.

Then A . A* = 0 where the + signs are either both “+” or both “~”. Expanding
out and using M? = M;, U, = P,M,P,,

A
(8) MU, M, + MU, M, = (MU M, + MU, M,).
If neither i nor k is equal to j, (ii) follows from (8) along with (i) and Lemma 3.8.
Suppose then that i = j # k and choose p such that p?r /2 > 1. Since || MU M| <

Jsr=7J
1, N* (p*r/2;M;U, ,M;) = 0. By Lemma 3.8 and (8),
N* (75 = (MU, M, + MU, M,))
< N*(7/2;p"MU, ,M,) + N* (1/2;°MU, . M,

ot
= N () ()30, M) = o{o(r)*).
(iii) Let 2] be the complement of {2, in G and write M; for M, _ Since M, + M is
the identity operator on L>(K\ G), ’
U,=MU M +V,

Jsr J7I.r 7 Jsr
where
Vir = MU, M; + MU, M} + M;U, | M;.
By (i) and (ii) along with Lemma 3.8(ii), N* (7;=V, ,) = o(o(r)¥). Hence by Lemma
3.8(Gii), for 7 > 8 > 0,
N*(r+8U,)+ o(a(r)*)
<N' (MU U)<N*(r—8U,) +o(o(r)*).

Jsr=J
For > 1, we have already noted in the proof of (ii) that N* (7; MU, ,M;) = 0. For
<1, we recall from Theorem 3.6 that N*(r;U )= o(r)# | Q| +o(o(r)*).
Choosing 8 small enough so that 7 + § < 1, (iii) follows from this and (9).

©)

3.10. THEOREM. The Szego theorem on K\ G is valid relative to a net o if and only if
o satisfies the equivalent conditions (1)—(iv) of Lemma 3.3.

ProOOF. The necessity of the conditions in Lemma 3.3 has already been established
in Theorem 3.6. We shall prove that these conditions are sufficient by first using
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Theorem 3.6 to show that (4) is valid for simple functions and then using approxi-
mation by simple functions to obtain (4) in general.

If f€RIL(K\G),a €R,and (f+ a)(x) = f(x) + a, Ty, , = T;, + al, where
I, is the identity operator on P,L*(K\G). Then, for any 7 € R, N* (7; Trrn,) =
N*(r—aT;,) and |(f+ a)'(r,00)|=|f (1 — a,0)|. It follows that (4) holds
for f if and only if it holds for f + a. In particular, validity of (4) for positive-valued
functions implies its validity for functions bounded from below.

Let f € Rl L'(K\ G) be a simple function i.e. f = 27 a;Xq, where a,...,a, are
real numbers and 2,...,%Q, are pairwise disjoint measurable K-left invariant subsets
of G whose union is G. By the above remarks, we may assume without loss of
generality that a; > 0 for all j. Then both sides of (4) are zero for 7 <0. Fix 1 >0
distinct from ay, a,,...,a,. Then N* (7;T;,) = N* (7;U;,). Using the notational
conventions of Lemma 3.9

oS 5] - 2o

i=1 k=1

where
W, = 2 ajMin,er
i#jor
j*k

By Lemmas 3.8(iii) and 3.9(ii), (iii),
n
N (f+8; p) M,Lc,,Mj) +o(o(r)?) <N*(n:U},)

Jj=1

<N* (’T -8, X aMU M|+ o(a(r)”)

j=1

whenever 0 < § < 7. Choose § small enough so that none of the a;’s are in the
interval [t — 8, 7 + 8]. By Lemmas 3.8(iv), 3.9(i), and the fact that 27_,a,M,U, M,
is an operator direct sum (i.e. the product of any two distinct summands is zero),

+ 4

N*|7=8; EaijUj',Mj) 2N+( MU, M)

j=1 J

=3 o(r)* 12| +0(o(r)#).
aj>'r
Combining the last two equations, we obtain (4).

Next let f € L'(K\ G) with f(x) > 0 a.e. Then both sides of (4) are zero for 7 < 0.
Fix 7> 0 with |f~'(7)|= 0 and choose a monotonically increasing sequence of
simple functions g, (n = 1) with f(x) = lim,,_ ,, g,(x) a.e. and | g,'(7) |= O for all n.
By Lemma 3.8(i), N* (7; I,,)=N t(m T, ,) since f=g, obviously implies T, >
T, Since (4) holds for g,, we obtain

N (mT,) . N(nT,,)
lim —————= lim lm ————F—
(10) = o(r)® neoo rewg(r)”

= lim [ g;'(r, 00) | =] /(7. 0) .
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Now choose any sequence 8, (k = 1) with §, - 0* such that 0 =|f (1 — §,) |=
|g;'(r — 8,)| for all n and k.Since f — g, >0, N*(8;;T;_, ,) < 1/8 trace(T;_, ,)-
It follows by Lemmas 3.5(i) and 3.8(iii) that

— NT(n:T,,) |
llm #—ng” (’T_Bk,OO)|+"“”f gn”l
roo  o(r)

for all k and n. By first letting n — oo and then letting k — oo, we obtain

_ NT(n;T,
lim —( )

r—oo o I‘)

< lim |77 = 8, 00) |=|f " [7,00) |=]/7(7, 0) |

and conclude from (10) that (4) holds.
Finally let f be arbitrary in Rl L'( K\ G) and define forn = 1,2,...

fu(x) = max{ f(x),-n}.
Fix any real number 7 for which |f~!(7)|= 0. For large n f,”'(, 0) = f ~'(7, o0).

From the last paragraph and the remarks at the outset of the proof, (4) holds for f,.
Since f, = f, Lemma 3.8(i) yields

(11) Tim M

r— oo g I‘)

<|f(r,00)].

To obtain a reverse estimate, we choose 8, - 0% with |f~'(7 + 8,)|= 0 for k =
.. Then, for all k, n,

N*(1+8:T,,)<N*(n:T.,) + N* (85T, )

by the obvious extension of Lemma 3.8(iii) to arbitrary 7 for operators on a finite
dimensional Hilbert space. As above, N* (8,; T; _,,) < 8;'a(r)* |l f, — f Il . Hence,

NY (7T,
lim N (1) #f')
e o(r)

> lim lim {I£ (7 + 8, 00) | =81 £, = f1I}

= Jlim |/ (v + 8, 0) | =1/ (7, )|

and (4) follows from this and (11).

4. A polynomial growth estimate.

4.1. Let V be an m-dimensional real vector space. Recall that a subset £ of V is
said to be a lattice in V if there exists a basis v, v,,...,0, of V such that
¢ = 3", x,0, € Lif and only if x,,...,x,, are integers. Any such basis is then said to
be a lattice basis for £. A subset C of V is said to be an open convex cone if C is a
convex set which is open with respect to the standard topology in V' and has the
property that whenever ¢ € C, then the ray {¢§: ¢ >0} is contained in C. The
following elementary proposition will be used in §5 to insure that condition 3.3(v)
can be verified for many examples.
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4.2. PROPOSITION. Let V be an m-dimensional real vector space, || || a normon V, £
a lattice in V, C an open convex cone in V, and f a real-valued polynomial function on V
with f(x) >0 for x € C, the closure of V. For n >0, define o(n) = {x € Cne:
Ix1l < n}. Then for any ¢ > 0,

. 2x€o(n—c)f(x) _
lim —————=
n—o EXEU(n)f(x)

PrROOF. By choosing a lattice basis for £ in ¥V, all the objects at hand can be
transferred to similar objects in R”. Hence it suffices to prove the proposition for the
case when V' =R" and £ is the lattice consisting of all m-tuples with integer
components. Let dx be Lebesgue measure in R”, ie. dx = dx,, dx,,...,dx,, for
x = (xy, Xg,...,%,,). For a=(a,, a,,...,a,,) arbitrary and D, = {x|, x,,...,Xx,,:
0 < x, — a, < 1}, the Lebesgue measure of D, is 1. Consequently, with B, = {x € C:
ll x|l < n}, for any function F on R™, X, ) F(x) is a Riemann sum approximation
to [, F(x)dx. For § = {§£ € R™: |[£ll = 1}, dx is expressed in polar coordinates
x=ré(r=llxll, £ € S)by r" 'drdw(¢) where w is a measure on S. Thus, for any
F,

1.

LF(x)dx ZLné(/;nF(rﬁ)rm_ldr) dw($).

Now let N be the degree of f and A the unique homogeneous polynomial of degree N
such that g = f — h has degree < N — 1. Then there exists a constant 4 such that
| g(x)|< Allx|I"~! for all x and

(1) Lg(X)dXSAw(Sn@)/(’)”r]v+ma2dr:O(nN+m_l).

For x € Cand t > 0,
0<f(tx) =t"h(x) + g(tx) <tV Y(th(x) + A)
and hence hA(x) = 0. It follows that [ o h(§) dw(£) > 0. Hence

2) [ (e dx = (/(;nrN“L’"”'dr) fsmeh(é)dw(g) = KnMtm

with K > 0. By (1) and (2), [ f(x)dx = Kn™*™ + o(n"*™) as n — oo. By routine
but tedious arguments which we shall omit, it can be shown that T ., ., f(x) =
Kn™M*™ + o(n™*™) as well. The proposition is then immediate.

5. Examples.

5.1. In this section, the major result is Corollary 5.7 asserting that the Szegd
theorem holds on all connected compact Riemannian symmetric spaces. By the
familiar device of identifying a group G with A\ G X G where A = {(g,, 8,) € G X
G: g, = g,), it then follows that the Szegd theorem holds for all connected compact
Lie groups. For harmonic analysis purposes, this description is needlessly awkward
and we therefore treat the group case separately in Theorem 5.4. This has the extra
advantage of not burdening the group case by the very technical description of
representations in Theorem 5.6. The objects discussed in subsection 5.2 and the
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results of subsection 5.3 are all standard. A thorough treatment assuming no
background in Lie theory is given in [1].

5.2. Let G be a compact connected Lie group with Lie algebra g and t a fixed
maximal abelian subalgebra of g. Denote by exp the usual exponential map from g
onto G. Then T = expt is a maximal torus in Gand L= {X Et: expX =e} isa
lattice in t. Let t* be the dual space of t and £* = {A €t*: AM(H) € Z for all
H € £} the dual lattice. For A € £*, y\(exp H) = ¢*"*) defines a continuous
homomorphism from T to T!, the unique circle in C, and every continuous
homomorphism from 7 to T is of the form ¢, for some A € £*. For U any finite
dimensional unitary representation of G on (H, (-, -)), H has an orthonormal basis
e; (1 <j<d=dim H) consisting of simultaneous eigenvectors for the commuting
unitary operators U(exp H), H € t. It follows that there are elements A}, A,,...,A,
in £* for which the restriction to T of the trace character x,(x) = trace U(x) is
given by x,|r = Ej;,x,b)\ ;> these elements are called the weights of U relative to t.
The roots of g relative to t are the nonzero weights of the adjoint representation of G
on g€. This representation is defined by using complex linearity to extend to
g€ =g+ ig the operators Ad x (x € G) defined on g by Ad x(X) =
(£),_¢x(exp tX)x'. The collection of roots of g relative to t will be denoted by A.

The Weyl group W associated with the pair (G, T) is defined by W = N(T)/T
where N(T) is the normalizer of T in G. For w = nT € W, Ad n maps £ into £ and
hence w acts on £* by (w - A)(H) = A(Ad n"'H). The action of W on £* preserves
the set of weights of any representation of G. It is convenient to define a partial
ordering > on £* by A > p if p is contained in the convex hull of W - A but A is not
contained in the convex hull of W - u. A Weyl chamber is a connected component ©
of t — U, keré. A root § is said to be positive relative to Cif ¢(H) > 0 for some
(hence all) H € C; the collection of positive roots is denoted by A* (C). For C a
fixed Weyl chamber, 8§ = 8(C) is defined by

8=3 X &
£€A™(©)
Now fix an inner product (-, -) on g relative to which Ad x is orthogonal for all
x € g. The restriction of (-, -) to t then defines an isomorphism of t* and t via
A < H, where \(H) = (H, H,) for all H € t. An inner product on t* may then be
defined by (A, p) = (H,, H,) for A, p € t*. Using this inner product, the dual Weyl
chamber C* is defined by

C*={(Aet* H,e€C}={Aet*: (N §)>0forallf € AT (C)}.

For § defined as above, it can be shown that 2(9, £) /(§, £) is a positive integer for
each ¢ € A* (C). In particular, § € C*.

For application of this machinery to a description of G, recall from 2.4 thata € G
is completely described by its trace character x . It can be shown that every x € G is
of the form x = yty~! for some y € G, t € T and hence x (x) = x,(¢). Thus a and
X o are determined by x, |- and hence by the weights of « relative to t. The collection
of weights is a union in £* of Weyl group orbits. It can be shown that for C* a fixed
dual Weyl chamber with C* its closure in t*, every Weyl group orbit in £* contains
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precisely one point in C*, i.e. C* N £* parametrizes the W-orbits in £*. The crux of
the famous Cartan-Weyl parametrization of G by “highest weights” is that for
a € G, one W-orbit in its collection of weights dominates all others in the sense of
the above partial ordering on £*. The precise statement is given in Theorem 5.3; for
convenience below, the well known Weyl dimension formula is also stated.

5.3. THEOREM. Let G be a compact connected Lie group with T = exp t a maximal
torus in G, C* C t* a dual Weyl chamber. Using the notations of 5.2:

(i) For a € G, there exists a unique element Na) € £* N C* such that Xolr =
ZoewW Yo T Zucnw Y, for some nonnegative integers n,. N(a) is called the
highest weight of a.

(ii) For A € £* N C*, there is a unique class o € G for which A = \(«).

(iii) For A = Ma) € £* N C*, the degree d, of a is given by

(1 a,= I SArSd

EEAT(C) <8, f) '
PROOF. See [1, 6].

5.4. THEOREM. For G any compact Lie group, a net o in G can be chosen so that the
Szego theorem is true on G, i.e. (4) of §3 is satisfied with K = {e}.

ProoOF. First assume that G is connected. Using the notations of Theorem 5.3,
define forn = 1,0,...,

(2) a(n) = {a € G: IN(a)ll <n)}

where || || is any norm on t* invariant under the action of the Weyl group. Note that
a(n) is finite since the lattice £* can contain only finitely many points with length
less than or equal to n. Now fix a,y € G with A = A(a), n = A(y). It follows from
Klimyk’s formula [6, p. 142] that B € T,  (see 2.5) implies p = A(fB) is of the form
g = A + » where » is a weight of y. But then either » € W - 7 or » < 1 and in both
cases |lvll < lInll so

A= Nl < A+ Nell = IX(Ca)ll + TA(Y)II
whenever g € T, ,. In particular, if a € o(n — [IA(y)ll), then I, |, C o(n). In the

notation of Lemma 3.3(v), o,(n) D o(n — [[A(y)ll) for all y € G. Now define f on t*
by

_ A+8,8
o) £€AH(@) 8,6y |’
Clearly f is a polynomial function on t* which is positive on C*. In the notations of
§2, m, = d_ since K = {e} and thus by (1), f(A\) = m,d, = d? for A = AM(«). By
Proposition 4.2 we conclude that Lemma 3.3(v) is valid when o is defined by (2) and
hence by Theorem 3.10 the Szegd theorem holds on G.

Now let G be a nonconnected compact Lie group with G the connected compo-
nent of the identity in G. Then G /G is both compact and discrete, hence finite. Fix
representatives p,,...,p,, for the cosets of G in G. A function f on G is naturally
identified with an m-tuple ( f,, f,,....f,,) of functions on G where f(x) = f(xp;) for
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x € G. The normalized Haar measures d% on G and dx on G are related by
1 m
X)dx = — (x) dx.
L) w2 L5

Hence L*(G, dx) is identified in a natural way with the outer direct sum of m copies
of L*(G, dx). Let a(n) be as in (2) with Z(n) = 2, c,,, C, the associated subspace
of LX(G, dx). Define $(n) C L*(G, d%) as the outer direct sum of m copies of 3(n).
The orthogonal projection operator P(n) from L*(G, d%) to 3(n) is then the outer
direct sum of m copies of the orthogonal projection operator P(n): L*(G, dx) — 2(n).
For f € Rl L'(G, d%) with f ~ ( f,,....f,), the Toeplitz operator T,,, = P(n)M,P(n)
is then the direct sum of the Toeplitz operators Tf =P Mf P, (1 <j < m). Since
equation (1) of 3.1 holds for the operators 7} n relative to E(n) it follows trivially
that this equation also holds for 7, relative to 3(n). The subspaces S(n) are easily
seen to be invariant under right G translations. If one chooses the norm || || as
arising as in 5.2 from the restriction to t of an inner product on g relative to which
Ad %: g - g is orthogonal for all x € G, then for a € G with highest weight A(«)
and 1 <i < m, the highest weight of the irreducible representation of G with trace
character x — x ( p;xp;"') is easily seen to have the same length as A(a). It follows
that the spaces 3(n) are invariant under left G-translations as well. By Theorem 2.4,
there is a finite subset 6(n)~of (G) such that 3(n) = 2zes(n) Cs Consequently, one
has the Szegd theorem on G in the more natural form (4) of 3.1. For most standard
examples, it is easy to describe 6(n) explicitly in terms of o(n); a general description
is awkward.

5.5. We now wish to discuss the Szegd theorem in the form (1) of §3 for the pairs
(M, G) where M is a compact Riemannian manifold which is symmetric in the sense
of Cartan and G is the group of isometries on M. For simplicity, we shall treat only
the case where M is connected and G is the connected component of the identity in
the group of isometries on M; more general cases can then be handled by arguments
similar to those in the proof of Theorem 5.4. It is well known (e.g. see Helgason [4])
that the pairs (M, G) are precisely those which have a coset realization (K\ G, G)
where G is a compact connected Lie group, K is a closed subgroup of G, G acts
effectively on K\ G (i.e. K contains no nontrivial subgroups which are normal in G),
and there exists an involutive automorphism é of G for which

(3) (Ky), CKCK,

where Ky, = {x € G: 6(x) = x} and (K,), is the connected component of the
identity in K. We therefore treat only coset spaces of this form and seek a
description of a sequence o(n) for which Lemma 3.3(v) is valid. The description of G
in Theorem 5.3 applies to any maximal torus T and Weyl chamber C. For a
satisfactory description of G, special choices of T and C are required.

Let g be the Lie algebra of G. Then g has the familiar Cartan decomposition
g = t + p (vector space direct sum) where f (respectively, p) is the +1 (respectively,
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-1) eigenspace of the differential 6, of §. By (3), f is the Lie algebra of K. Since 6, is
an automorphism of g, f and p satisfy the Lie bracket relations

(4) [t,t]ct, [p.p]lct, [t,p]Co.
Choose a maximal abelian subspace t, in b and then choose a maximal abelian
subspace t, in

m={X€e€t:[X,H]=0forallH €t,}.

Lett =t, +t,. By (4), t is a maximal abelian subalgebra of g and hence T = exp t
is a maximal torus in G. Any linear functional £ € t* is then of the form § = £, + §,
for §, €t¥ (j = 1,2) in the sense that {(H, + H,) = §,(H,) + §,(H,) for H, €t
(j=1,2). Asin 5.2,let A C t* — {0} be the roots of g relative to t. Forj = 1,2, let
A ; C t7 be the collection of elements £ -, for which there exists £ € A of the form
§=¢ + £,. Then A, and A, are finite sets. Hence there exists H, € t,, H, € t, such
that | §,(H,) |>|£,(H,)| >0 for all nonzero §, €A, ¢, €EA,. Let H=H, + H,,C
the Weyl chamber of t containing H and C* C t* the corresponding dual Weyl
chamber.
Let £ C t and £* C t* be as defined in 5.2. For C* as above, define

r={(N€L*:N(H) € Zwhenever H €EtandexpH € K }.

Note that £% is a subgroup of the additive group £* and if A € £}, then A vanishes
on t, C f. However the converse need not be true since there may be points in
t, C p whose exponential is in K.

5.6. THEOREM. Using the notations of 5.5, £% N C* parametrizes GK in the sense of
Theorem 5.3, i.e. for a € G, ais in Gy if and only if its highest weight A(a) € C* is in
£x.

PrROOF. The authors do not know a reference to this result in the form stated
although it is presumably familiar to experts in the subject. For the case when G is
simply connected, the theorem is due to E. Cartan and S. Helgason; a proof appears
in the book by Garth Warner [11, pp. 210-213). We shall give only the modifications
needed to extend Warner’s proof to the present generality.

Since G is compact, its Lie algebra g is the Lie algebra direct sum of a compact
semisimple Lie algebra g, and an abelian algebra 8. Let G, be a connected, simply
connected Lie group with Lie algebra g,; by Weyl’s theorem [4, p. 123], G, is
compact. By standard covering group arguments, there exists a torus S with Lie
algebra 8 and a continuous homomorphism 7 from G, = G, X S (Lie group direct
product) onto G whose kernel D is a finite subgroup of the center of G,. Define
K, = 77(K). The sets G x and (G,) k, are then in one-to-one correspondence. To see
this note that U & U, = U o 7 is a one-to-one correspondence between representa-
tions U of G and representations U, of G, for which U,(d) is the identity operator
for all 4 € D. This correspondence respects equivalence of representations and
hence defines an injection « — «, from G into G,. Trivially if & € Gy then a, €
(G,)Kl. Conversely, if B is arbitrary in (CA?,),(I with U an element of the class B,
Schur’s Lemma implies that for d € D, Up(d) is a scalar multiple ¢(d) of the
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identity operator. Since D C K and there are nonzero vectors fixed by Up(K) for
all k, € K, the scalars c(d) are 1 and it follows that B is of the form a, for some
a € Gy. Since G, is the direct product of G, and the abelian group S, G, is the
Cartesian product of GO and the familiar character group S ~ Z" (n = dim 8) in the
sense that a representation U, of G, is irreducible if and only if

Ui(8o,s) = ¥(s)Uy(8o)
where ¥ € § and U, is an irreducible representation of G,. In view of these
observations, it remains to describe the set C* N £% C t* in terms of an analogous
set arising from G, and S.

First note that since 8, is an automorphism of g, the center $ of g and the derived
subalgebra [g, g] = g, are 8, invariant and hence are the direct sums of their
intersections with the @ ,-eigenspaces f and p. But exp(f N 8) is a connected
subgroup of the center of G and is contained in K; since G acts effectively on K\ G
(see 5.5), this subgroup is trivial and ¥ N8 = {0}. Hence 8 Cp and f C g ;
moreover, t,, being maximal abelian in p, must contain 8. Thus t = t;, + § where
to = (t, N gy) +t, is a maximal abelian subalgebra of g,. The groups G, and G
both have Lie algebra g. Exponential maps are distinguished by writing exp
(respectively, expg, ) for the exponential map from g onto G (respectively, G,). Then
eXpg = My €Xpg,- Since G, is simply connected, there is a unique involutive automor-
phism 6, of G, whose differential is the restriction of 8, to g,. 6, may then be
extended to an involutive automorphism 8, of G, defined by 8,(g,, s) = (8,(g), s7").
Let K, = {8, € Gy: 0,(8,) = 8o} The triple (G,, K, 6,) satisfies (3); by one of the
fundamental results on compact symmetric spaces, G, simply connected implies K,
connected [4, p. 272]. Since the construction of @, implies that w08, = § o 7, it
follows from (3) for (G, K, 8) that K, C K,. However K, K, and K, all have Lie
algebra f so K|, is the connected component of the identity in K, and K, /K| is
finite. Using the familiar Cartan decomposition G, = K, (expg,t,)K,, elements
H,, H,,...,H, in t, may be selected so that K, is the disjoint union of the cosets
K, expg, H; (1 <j <r). The normalized Haar measures dk, on K, and dk, on K, are
then related by

™M~

(5) [ e dis = 3 [ fkoexps, H) dko.

Jj=1 0

From the above we have t = t; + $ and hence in an obvious sense, t* =t} + 3*
and the roots of g with respect to t all belong to t§. The dual Weyl chamber C*
selected in 5.5 is then C¥ + 8* where C} C t} is a dual Weyl chamber relative to
(go, to) constructed from (G,, K, 8,) in exactly the same fashion that C* was
constructed from (G, K, ). Moreover with £, Ct, and (£%) k, defined from
(G, Ky, 0p) as in 5.2 and 5.5, it is clear that for any A € £}, Ay = A}, is in (£F),.
In Warner’s proof, it is shown that if Aq € Cf N (E§),, with U, an irreducible
representative of G, having highest weight A, (see Theorem 5.3), then for Q,, the
orthogonal projection defined by (2) of subsection 2.1 and ey, a nonzero weight
vector for the weight A, (i.e. U,(t)ex, = ¥, (1)e,, for all ¢ € Tp), then Q, e, 0.
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Now suppose a € G has highest weight A(a) = A € LrN C*, and U, belongs to the
class a with e, the corresponding weight vector. By the discussion above, for
Uy =U e mlg, Ay, = Ao E(EF)k, N Gt and e, = ey, 1s a weight vector for U,
corresponding to the highest weight A,. Let Q, by the projection to the subspace of
vectors fixed by U, o 7 | . In view of (5) and subsection 2.1(2),

1 < 1 & L.,
Qa,e}\ = 7 .21 Qn(an(expG I{j)ek = 7 EI ezmx(Hj)ane)\o'
J= J=

However, by the definitions of £% and K,, e*"™H) =1 for all j and hence
Qaer = Qagr, > 0. Hence 9, # 0 and we conclude that a € Gy.

Conversely, now suppose a € G, has highest weight A(a) = A € C* and let
Ao = Al For U,, U,, and e, = e, as above, we know that a, € (GAO)K0 and
Q.£x 7 0. For any (G, K, 0) satisfying (3), it is well known that the K bi-invariant
functions in L'(G, dx) commute under convolution [4, p. 408] and hence m, = 1.
There is thus only a one dimensional span of vectors fixed by U, | ; any such vector
is automatically fixed by U, . But the vectors fixed by U, |, must also form a
one-dimensional space and hence the spans coincide. For Q, as above, this simply
means Q, = Q, . Now let H be any element in t for which exp; H € K. Using (3)
of 2.1 applied to Q, and K, we deduce that

0+ ezm}\(H)aneA = Qa(,( Ua ° W)(expG, H)e)\ = Qa()e}\
and hence A(H) € Z. But then A € £} and our proof is complete.

5.7. COROLLARY. Let M = K\ G be a compact Riemannian symmetric space. The
Szego theorem on M, i.e. (4) of §3, holds relative to the sequence a(n) (n = 0) defined
using the notations of Theorem 5.6 by

a(n) = {a € Gi: IN(a)ll < n}
where || || is any Weyl group invariant norm on t*.
PROOF. Define a polynomial f on the vector subspace of t* spanned by £} by

A+6,§)
= [ Lo
f( ) (€AY (C) <3,§>
By the discussion in subsection 5.2, f is positive on the intersection of this subspace
with C*. As noted in the proof of Theorem 5.6, m, = 1 for all « € G and thus by
Theorem 5.3(iit),

o(n)*= 3 mgd,= T [A).
a€a(n) AeLzne

lIAll<n
From the proof of ThAeorem 5.4, a7(n) D a(n — IA()ll) (see Lemma 3.3(v) for
notations) for all y € Gg. By applying Proposition 4.2, we conclude that condition

(v) of Lemma 3.3 holds and thus Theorem 3.10 applies.
5.8. For k, m positive integers with k < m, the real Stiefel manifold Skm g
defined as the set of all k X m real matrices p for which p’p = I,, the k X k identity
matrix. The group SO(m) of all real m X m orthogonal matrices of determinant one
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acts transitively on S*™ from the right by ordinary matrix multiplication. Identi-
fying SO(m — k) with the subgroup of SO(m) consisting of the m X m matrices

o ]
0 u
with u € SO(m — k), then SO(m — k) is the stability subgroup at the element
po = [1,,0] € S*™ and hence SO(m — k)\SO(m) is a coset realization of Skim,
For k =1, S"™ is the unit sphere in R™ and is a compact symmetric space. The
discussion and results in 5.5-5.7 are not needed since it is well known that the
representations of SO(m) appearing in L%(S"™) are just the usual spherical harmonic
representations a, fori = 0,1,2,... with

d :(m+i—1) _(m+i—3)

o i i—2

and the spherical harmonic subrepresentations of a; ® a;, are precisely those of the
form a, with |i —j|<I/<i+j and i +j— [ even. Using this, one can easily
construct many sequences o(n) satisfying Lemma 3.3(v). For 1 <k < m/2, Gelbart
[2, p. 33] observed that with G = SO(m) and K = SO(m — k), the highest weights
of representations a € GK may be naturally identified with highest weights of finite
dimensional irreducible representations of the noncompact group GL(k, R) in such a
way that the multiplicity m, of a in L*(S¥™) is precisely the dimension of the
corresponding representation of GL(k,R). In particular, m, is given via Weyl’s
formula 5.3(iii) as a polynomial function of the highest weight of «. This means that
the quantities m d, may again be viewed as the values of a polynomial function on
lattice points in a cone. As in Theorem 5.4 and Corollary 5.7, Proposition 4.2 implies
that the Szegod theorem is valid on M = S*™ (k < %) relative to the sequence o(n)
consisting of the elements in G whose highest weight has length at most ». Similar
results hold for the complex and quaternionic Stiefel manifolds U(m — k)\ U(m)
and Sp(n — k)\Sp(m) (k < n/2).

For an arbitrary homogeneous space K\ G of a compact Lie group G, explicit
description of m, by a closed form functional relationship is very difficult. In
particular, m_ is usually not described by a polynomial function of the highest
weight of a. The last author has computed m, explicitly for several low dimensional
examples and has not found an example for which Lemma 3.3(v) cannot be satisfied
for some o; indeed, in all of his examples, Lemma 3.3(v) is satisfied by the sequence
used in Theorem 5.4. He therefore suspects that the Szegd theorem is valid on a
much broader class of homogeneous manifolds then those examined here. It would
be particularly interesting to prove its validity for K\ G with K a torus in a compact
Lie group G since manifolds of this type arise in a variety of contexts. Here in low
dimensional examples, it is possible to subdivide the cone containing all highest
weights into smaller cones on each of which a polynomial estimate for m d,, is valid
and then Lemma 3.3(v) is established via application of Proposition 4.2 to each of
these smaller cones. We do not know whether the general case can be treated in this
manner. Although there are presumably other families of homogeneous manifolds
tractable by mild generalizations of the technique employed here, any fairly general
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treatment will clearly require different methods. Outside the realm of compact Lie
groups, groups G described as an infinite product of compact Lie groups can be
easily handled in a straightforward way by using Theorem 5.4 on each factor to
construct an appropriate net . Otherwise, G usually does not permit an explicit
description. It therefore appears that validity of the Szegd theorem for every
compact G rests on whether an indirect argument can be given for the existence of a
net o satisfying any of the conditions in Lemma 3.3. Perhaps this might be done with
the aid of Theorem 5.4 by viewing G as a projective limit of Lie groups.
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